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ABSTRACT: The orientational distribution function for polymer chain segments in plain-strain
compressed glassy poly(methyl methacrylate) is evaluated, as a function of two polar angles, from a series
of one-dimensional deuterium NMR spectra. The experimental data are analyzed using a tailored
regulatory approach. For low degrees of orientational order, the choice of the regularization scheme is
shown to become critical and two-dimensional Tikhonov—Phillips regularization yielded the best results

for the present study.

I. Introduction

Determination and modeling of the development of
the spatial orientation of chain segments with deforma-
tion in polymer solids has been a subject of discussion
in numerous publications.!”1* Experimental methods
that characterize orientational distributions include
X-ray scattering,*”7 birefringence,®® and solid-state
nuclear magnetic resonance (NMR) spectroscopy.!=32-14
The advantage of solid-state NMR, as a means to
measure orientation, is that the structural units (labeled
segments along a polymer chain), of which the orienta-
tion is measured, are well-defined. Moreover, the method
is not restricted to certain moments of the orientational
distribution like in the case of birefringence measure-
ments. However, for the extraction of structural infor-
mation from NMR spectra, one is faced with solving a
so-called ill-posed inverse problem: even though the
calculation of a spectrum from an orientational distribu-
tion function (ODF) is trivial, this is no guarantee for
finding a stable and unique solution when extracting
the ODF from the noisy experimental spectrum. Strate-
gies to treat such problems, i.e., regularization, are well
established in several fields of science!®18 and have
been applied to solid-state NMR before to determine
ODFs as a function of onel® 28 or two structural
parameters2?—34 from one-dimensional or multidimen-
sional NMR spectra.

Here we describe a method for determining low
degrees of orientational order of deuterium-labeled
chain segments in a polymer which has been deformed
plastically in the glassy state. The experimental data
obtained from poly(methyl methacrylate) (PMMA) con-
sist of a series of static one-dimensional (1D) deuterium
(®H) spectra, each for a different orientation of the
sample with respect to the magnetic field By. Such data
are easy to obtain and are, therefore, an interesting
alternative to the two-dimensional (2D) DECODER
experiment,!235738 which has been used to address
similar problems.

The main focus of this paper is to develop a reliable
method for monitoring the orientation of individual
segments of the polymer chains in a glassy polymer as
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a function of plastic deformation. A detailed investiga-
tion on the molecular interpretation of strain-induced
order in PMMA, based on the methods discussed here,
is presented in a subsequent publication.3?

II. Experiments and Data-Evaluation Schemes

Theoretical descriptions of the mechanical deforma-
tion behavior of glassy polymers can be found in
references 40—42. In the study discussed here, plane-
strain compression?? was used, which results in a high
reproducibility of stress—strain behavior. In contrast to
tensile deformation, which can be classified as a strongly
aligning mode of deformation,*3 compressive deforma-
tion is only weakly aligning and results in lower degrees
of orientational order of the chain segments. Investiga-
tion of such weakly oriented systems presents an
experimental challenge, however.

A. Reconstruction of Orientational Distribu-
tions of Chain-Segments from Solid-State NMR
Spectra. An Inverse I11-Posed Problem. A detailed
description of inverse methods in NMR spectral analysis
with two-dimensional parameter spaces has been pub-
lished elsewhere.!* In all but the simplest situations,
the inverse problem can only be solved if additional
constraints or assumptions are used in the analysis. If
one does not want to resort to using specific models for
the distributions to be evaluated, regularization meth-
ods are commonly applied. Such methods allow for an
efficient implementation of smoothness constraints for
the resulting distribution; e.g., simple and smooth
parameter distributions become favored over complex
oscillatory distributions. This additional “common sense”
constraint leads then to a unique solution of the ill-posed
problem. In the following, a brief summary of the
theoretical background will be presented to point out
the novel aspects of the analysis applied here.

We define a discrete (NMR)spectrum s(w) which is
governed by the local orientational polar angles 6 and
¢. The spectrum is a superposition of n contributions
from chain segments oriented at (6;,¢;), weighted by
their statistical weight g(0,¢) and mapped onto m
frequency points w; through the linear matrix operator
K(w,0,0), i.e.

s(w) = K(w,0,¢) g(0,¢) (1)
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where s(w) and g(60,¢) are vectors of dimensions n and
m, respectively, and K(w,0) is an m x n matrix (m > n),
the columns of which correspond to the “basis” spectra
[s, 53, ..., s] that reflect the spectrum for a given set of
parameters (0;,¢;). It is the aim to extract the distribu-
tion g(0,¢) from the experimental spectrum s(w) with
the help of complete knowledge of the direct problem,
i.e., the kernel K(w,0,¢), by inversion of the mapping of
eq 1, which for continuous variables corresponds to a
Fredholm integral equation of the first kind.** It is well-
known that such integrals are ill-posed in the sense of
Hadamard;* i.e., existence, uniqueness, and stability
of solutions cannot be taken for granted.

Generally speaking, the existence criterion is always
violated in experimental data analysis since experimen-
tal noise is not implemented in K(w,0,p). Hence an
obvious choice for the inverse solution of eq 1 is a least-
squares (LS) fit that minimizes the discrepancy between
the measured and a simulated spectrum according to

min||K(w,0,6)g(0,¢) — s(w)||* =
1K (w,0,$)8(0,0) — s(w)]|* (2)

where [[X|| = 4/Yx({@)x() and g(6,¢p) is a reasonable
approximation to the true solution g(0,¢) capturing
experimental noise. A solution to the discrete LS
problem of eq 2 can be found, for example, by singular
value decomposition (SVD)*6 of the Kernel K

K=Uwvt 3)

where U is an m x n sized column-orthogonal matrix,
W an n x n sized diagonal matrix with the singular
values w; as its elements, and V an n x n sized
orthonormal matrix. The solution 2(0,¢) of the LS
problem is given by

g0,0) =Y —uvfu;-s) (4)
S w,

with n the number of basis spectra in the kernel K, and
uz, v; columns of U and V. Uniqueness is violated by the
coexistence of several solutions g(0,¢); (§(0,¢). = 8(0,¢),
if x = y), with equivalent misfits for a given noisy
spectrum s(w). Violation of stability is reflected by the
fact that close proximity in the spectral data space of
two spectra si(w) and sy(w) does not necessarily result
in close proximity of the corresponding generating
functions g1(6,¢) and g2(0,¢).

Restoring Stability by Regularization. To restore
stability to the inverse problem, one needs to introduce
additional information and thus additional restrictions
on 3(6,¢), e.g., by mapping the degree of violation of a
restriction onto a scalar number R[g(0,¢)]. The regular-
ized LS problem is given by

||K(,0,0)3(0,¢) — s()||* + 4., RI2(0,¢)] — min! (5)

Here A, is the so-called regularization parameter,
which balances between the quality of the fit in the
spectral domain and the impact of the additional
restriction.

A rather general regularization approach is to ask for
a “smooth” solution g(0,¢) assuming that the probability
distribution g(0,¢) generally does not change abruptly
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with a small variation of g(6,¢). Tikhonov regulariza-
tion?”~%? is a commonly-used approach to implement
smoothness by asking for a small quadratic norm of
(8(0,0) — 80(0,0)) leading to a regularization term

Ry 80,01 = 11 8(0,0) — 800,017 (6)

where g¢(0,9) is an optional rough estimate of the
expected solution such that the fit is biased toward
80(0,0). In the literature the estimate gy(0,¢) is often
chosen to be zero, such that the minimization is biased
toward the solution with the smallest norm. In this case,
i.e., 80(0,9) = 0, the solution of eq 5 is

n w

[
3(0,) = Z‘ wlval(ulT -5) (7)
reg

i.e., the 1/w; dependence of eq 4 has become w;/(w;2 +
Areg), which means a reduction of the disturbing effects
of the high-order singular values. A different way to
imply smoothness in one-parameter problems is to ask
for a small quadratic norm of the second derivative of
the solution, leading to the so-called Tikhonov—Philips
regularization term®°

Rypl3(0)] = 118,117 (8)

where gy = 0%8(0)/062. For distributions exhibiting sharp
edges in combination with flat regions, more advanced
edge-preserving smoothness constraints may be ap-
plied.’! However, this study addresses two-parameter
problems, i.e., ODFs need to be reconstructed as a
function of two polar angles (6,¢). The problem of finding
a measure for the smoothness of a surface S(x, y, z) =
S(0,9, 3(0,0)) has been discussed in detail in the field of
computational vision. Grimson et al.’? suggested a
“quadratic variation” regularization term, which per-
formed well in the reconstruction of smooth surfaces:5!

Roylg(0,00] = [184ol* + 2 1180yl * + 118,417 (9

where 8., = 823/(3xdy). Often there is very little differ-
ence in results between Tikhonov and QV regulariza-
tion, but as will be shown below, for this particular
experiment the situation was different and QV was
clearly better at regularizing the problem.

Determination of the optimal degree of regularization,
i.e., finding the optimal balance between the severity
of the constraint and the discrepancy between fit and
experimental spectrum by a proper choice of the regu-
larization parameter /., is a crucial point. Visualization
of the influence of the constraint can be achieved by
plotting the discrepancy ||K(w, 0,0)8(0,¢) — s(w)||?
against the regularization term R[g(0,¢)]. Plotted on a
logarithmic scale, such a plot often exhibits the shape
of the letter “L”, hence the name L-plot.“6 A rough
estimate for the optimal regularization parameter is
selected from the L-plot where the corner of the “L” is
found. Note that other criteria to find the optimal
regularization parameter are available,*6:53 but will not
be discussed here, since our experience showed, that the
L-curve criterion worked satisfactory for the functionals
used in this study.

B. Materials and Sample Preparation. 2H-labeled
PMMA, cf. Figure 1, was chosen as a model system for
the study of orientation of chain segments in a deformed
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Figure 1. Chemical structure of a racemic dyad of ?H labeled
PMMA. Rotation angles of the backbone (¢1, ¢2, ¢s, ...), and of
the ester group (w, y) are shown as zero. As supported by
energy calculations and WAXS data,’*%% the most likely
conformation is @1 = 110°, O = 128°, w = = 0°, ¢1 = 10°, ¢»
= 10°, ¢ = —10°, ¢4 = —10°. The ?H-labeled a-methyl groups
are emphasized in bold.
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Figure 2. 2H solid-state NMR spectrum of a non-deformed
(isotropic) sample. Open circles: experiment (S/N =~ 500), solid
line: simulation including rf-inhomogenity, using a quadrupole
coupling constant Cy.. = 52.7 kHz.

polymer glass. All deuterated PMMA used for this study
was obtained from Polymer Source Inc., Canada, with
molecular weight M, = 75 400 and polydispersity of M,/
M, = 1.03. The molecular structure of a racemic dyad
is shown in Figure 1 where deuterium labeled methyl
groups CDjs are emphasized by bold letters. Plastic
deformation of the glassy PMMA samples was achieved
by plane-strain compression of rectangular samples,
described in a sample fixed frame with z-axis along the
direction of compression, y-axis along the direction of
flow, and x-axis along the constant dimension of the
sample.3® Compression ratios A, = 19//]° between 0.38
and 1 were employed.

C. The NMR Experiment. The information about
orientational order contained in the NMR line shape is
provided by the anisotropic nature of the quadrupole
interaction. The a-methyl group rotation in PMMA at
room temperature is fast compared to the NMR time
scale®®58 and the observed 2H quadrupole tensor is
axially symmetry with the unique axis along the three-
fold axis of the methyl group (cf. Figure 1). Thus, in 2H
NMR, molecular order is monitored through the
orientation of the unique axis of the methyl quadru-
pole tensor. Static 1D 2H NMR spectra were ob-
tained by a standard quadrupolar echo pulse: 905—7—
90y—7—acquire,® with 7 = 312 us at an rf-field
strength of 88.3 kHz. 1200 scans were coadded with a
recycling delay of 0.7 s. Figure 2 shows the experimental
spectrum of undeformed amorphous PMMA together
with a simulated spectrum corresponding to an isotropic
ODF. The simulated spectrum corresponds to a quad-
rupole coupling constant Cy. = 52.7 kHz and was
calculated using finite pulses and the non-negligible rf-
inhomogeneity in the rf-coil, which was determined
experimentally by a nutation spectrum, was accounted
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Figure 3. Right handed orthogonal frames used to describe
the orientation of the principal axes system (PAS) relative to
the laboratory frame (LF). The ODF of molecular segments is
described by two angles (6, ¢), which rotate the molecular fixed
frame (MF) into the sample fixed frame (SF). These angles
are identical with the polar angles describing the orientation
of the CHy—CHy, direction in the sample frame. The angle 6
describes the stepwise rotation of the sample during the NMR
experiment around an axis running perpendicular to the draw
direction ySF and tilted by the magic angle 6, relative to ZL¥,
where the case of 6 = 0 is defined with y5F lying in the z/F—
xMF plane.

for in the simulation by superposition of a Gaussian part
to the otherwise Lorentzian line-broadening in the time
domain. This was found to be almost equivalent to
taking into account the rf-distribution explicitly by
calculating a weighted superposition of spectra with
different rf-field strengths (not shown). To obtain the
orientational distribution of molecular segments of the
polymer chain relative to the unique directions of the
deformation, it is convenient to introduce the following
coordinate systems (see also Figure 3).

The principal axes system (PAS) of the CD3 quadru-
pole tensor is oriented with 245 along the CD3—C* bond
and xPAS chosen to be colinear with the CHy;—CH,
direction of the attached backbone carbons. We define
a molecular frame (MF) such that zMOL runs along the
CH;—CHy;, direction and xMOL along the CD3—C* bond
parallel to zP4S. The transformation from the PAS to
the molecular frame is, therefore, a simple 90° rotation.
The sample frame (SF) is defined by the setup of the
plane-strain compression experiment. Here x5F is the
dimension which is kept constant during deformation,
ySF is the dimension of elongation, and 257 is the
direction of compression. The transformation from mo-
lecular to sample frame contains the distribution of ¢
and 3 angles produced by the deformation. In the
laboratory frame (LF) the zLF describes the direction of
the external magnetic field By. The Euler rotations
between frames are indicated in Figure 3 and follow the
convention of ref 60. The angle ¢ is the angle that was
increased stepwise to change the orientation of the
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Figure 4. (Top) Serial plots of two series of a full cycle of 13
experimental 1D quadrupolar solid state NMR spectra of
PMMA deformed (far) below the glass transition temperature
with two different draw ratios. Each single spectrum corre-
sponds to a different laboratory-frame-fixed orientation of the
sample rotated stepwise with increments Ao of 15° around an
axis running perpendicular to the draw direction of the
deformed sample. The values beneath each single 1D spectrum
denote the actual sample position. Dotted line: PMMA com-

pressed with 1. = [9//I° = 0.53 showing medium orientational
order. Solid line: PMMA compressed with 4, = 0.42 showing
somewhat higher orientational order. For clarity, the envelope
of each series is shown, indicating the different degrees of
order. (Bottom) Magnification of the indicated range. All
spectra were scaled to the same integral to eliminate intensity
effects caused by minor changes in the resonance circuit upon
repositioning of the sample.

sample towards the magnetic field within each series
of 1D experiments belonging to a sample. The angles
(0, ¢) give the information about the orientation of
molecular segments relative to the SF. Note that the
first angle in the transformation from MF to SF must
be integrated over, as we assume that for each orienta-
tion of the molecular z-axis, described by 6 and ¢, an
isotropic distribution of rotations of the MF around z0L
will be present when averaged over the whole sample.

Thirteen spectra were obtained for each sample, with
0 incremented in steps of A6 = 15° around 257, which
runs perpendicular to the flow direction ySF of the
deformed sample. Figure 4 shows serial plots of typical
experimental series of 13 combined one-dimensional
(1D) spectra obtained from two samples with different
degrees of orientational order. These were deformed
with compression ratios 1, = lfef/lg = 0.42 and A, =
0.53, respectively. A completely isotropic sample would
yield a serial plot of 13 identical 1D spectra. The
deviation from an isotropic distribution can be il-
lustrated by the envelope curves as shown in Figure 4
by the two solid lines connecting the maxima of the
individual 1D spectra. Note that the number of 13
independent sample orientations was somewhat arbi-
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trarily chosen. It was found to provide a reasonable
balance between data acquisition time and information
content. Up to a certain level, the information content
can generally be increased by adding more independent
spectra to the kernel but the measuring time increases
linearly.

D. Analysis of the Experiment. Basis spectra of the
Kernel K, which maps the ODF onto the NMR spectrum,
were calculated using GAMMAS®! following a linear
interpolation scheme for 0 and ¢, as described in ref 14
using the quadrupole coupling constant obtained from
the fit of the non-oriented sample of Figure 2. Each
interval [[6;, 0,11, [¢), ¢;+1]] was integrated using a two-
point Gaussian quadrature scheme with 3 intervals,
leading to an effective resolution of approximately 1.8
degrees in each angle for the 10° grid resolution for the
simulation used throughout the paper.

Solving of the arising ill-posed inverse problem was
performed by regularization of the minimization prob-
lem, cf. eq 5, by a surface smoothness constraint as
described in eq 9 together with the restriction of non-
negativity for the ODF. Validation of this procedure will
be discussed below, based on numerical testing. Mini-
mization of the regularized functional was performed
by a nonlinear minimization algorithm with non-
negativity constraints®? provided by Matlab, Version 6.5
R13, The MathWorks, Inc. A proper choice of the
optimal regularization parameter was obtained graphi-
cally by the L-curve criterion.*6

In literature, orientational distributions are often
represented in terms of their moments, i.e. in terms of
so-called “order parameters.” Order parameters are
connected with ODFs by the Wigner matrix elements
(WMESs).53 Every ODF can be expanded in terms of an
infinite series of WMEs wfnn(a,ﬂ,y) since they repre-
sent a complete orthonormal basis®0:64

=0 m=l n=l

P(a,ﬁ,y)=20 > Yl DualeBy)  (10)

m=—1 n==1

where P(a,3,y) is normalized as

JPBy)dV =1 (11)

with dV = sinf df da dy. The average Wigner matrix
elements, or so-called order parameters, are defined as

V0= [ POBND(afy) AV (12)

These order parameters are related to the expansion
coefficients ¢! of the Wigner expansion as

;o 2l+1
c =

mn 2
87

W' 0 (13)

Symmetries of the orientational distribution function
arising from the setup of the experiment or the sample
preparation lead to constraints on the expansion coef-
ficients.*265 In the present case, the symmetry of plane-
strain compression of a polymer sample with initially
isotropically distributed chain segments yields

=00 n=|

z cb, 4 (0, — 0, — ¢) (14)

=0 n="1

!
P(0,¢) =

where [/ and n are nonnegative even integer numbers.



8376 Wendlandt et al.

(a)

Macromolecules, Vol. 38, No. 20, 2005

(c)

¢ [deg]

(b)
a— 180 max
og—==—|0
90 max/2 -0.05
i LV‘ . 0 0 S b
0 90 180

signal [a.u.]

[

4 C l

p [ L
.
[
[
[

signal [a.u.]

[
[l

4 [ L

] o}
<
[
[

¢ [deg]

L L 180 max
DD—:.—— 0
90 max/2 -0.05
. Lf . 0 . o -0.1
0 50 180

signal [a.u.]
(S
4 C__ L
[ L
<.
[

YRy
YYYYYYYYYY

¢ [deg]

rotor position &

+ . 180 may
|:|—=.—— [i}
90 max/2 H -0.05
- Lf - ] i 01
o a0 180

|
0 [deg] <Dy

Figure 5. Reconstruction of ODF's from three representative experimental NMR spectra of deformed PMMA exhibiting different
degrees of orientation corresponding-to-compression ratios of 1, = 0.835, A, = 0.764, 1, = 0.636 going from top to bottom. (a)
experimental series of 13 1D spectra (black lines) with fits (red dots); (b) reconstructed ODFs using NN + quadratic variation for
regularization of the spectral analysis; (c) expansion of (b) into order parameters showing (15[ (05,0} [Wg,[) [Wg,0) (15,[) and

W0

The average WME with [ = 2, m = 0, and n = 0, which
is the most important coefficient for flat distributions,
equals the average second Legendre polynomial or the

so-called “Herman orientation parameter” [/}, =
[Pa(cos)U= [/o(3 cos?6 — 1)[FO

III. Results and Discussion

Figure 5 shows three reconstructed ODF's of plasti-
cally deformed glassy PMMA with different compression
ratios together with the experimental NMR spectra and
order parameters from (D}, to [D§,[] Regularization
was achieved using the QV-regularization term Rgy plus
a restriction of the ODF to nonnegative (NN) values
only. The sample deformation increases from top to
bottom and correspondingly, the ODF's deviate more and
more from an isotropic distribution. The ODFs reveal a
maximum around (¢ = 6 = 90°), as expected from the
plane-strain deformation setup, indicating that chain
segments orient along the direction of flow. Expansion
of the reconstructed ODF's in terms of order parameters
are shown in Figure 5c.

To achieve an idea of the accuracy and reliability of
the analysis, the response of the algorithm was tested
using simulated data: In a first step, the spectrum of
an nonoriented sample (cf. Figure 2) was fitted to ensure
that no systematic spectral distortions, e.g., loss of
intensity at the outer wings, are present. Such distor-
tions would inevitably lead to strong artifacts in the
analysis if not included in the simulation. In a second
step, different reasonable input ODF's have been gener-
ated of which the corresponding NMR spectra have been
calculated using eq 1. To classify the ODFs in terms of
width of distribution as judged from the spectral do-
main, the squared deviation from an isotropic spectrum
was used as a criterion:

2 _ so =9I

(15)
lIsolI?

Xs

where sg is the discrete NMR spectrum of an isotropic
sample, and s is the discrete NMR spectrum of an
oriented sample. After adding random noise to the
spectra, the reconstructed output ODFs have been
obtained using the regulatory analysis. The squared

difference between the output and the input distribu-
tion, Xf,, was used as a numerical criterion for the
power of the minimization algorithm:

ODF,, .— ODF 2
XgZ — || input 2output” (16)

A crucial point is to find reasonable input ODF's which
allow the comparison of simulated and experimental
data. At this point, additional information (not con-
tained in the NMR spectra) is used in the evaluation
process: the reasonable ODFs are chosen according to
their ability to faithfully represent a set of input ODFs
that are thought to be typical for the distribution
occurring in the experimentally deformed glassy poly-
mer sample in this study. This assumption, as severe
as it is, is still significantly less stringent than assuming
a model function for the expected distribution. In the
present study, plane-strain compression as the mode of
deformation suggest that chain segments most probably
orient along the direction of elongation, hence exhibiting
a single peak at polar angles (¢ = 6 = 90°) within the
sample fixed frame described in Figure 3. Furthermore,
there are strong indications that certain structural units
in polymer glasses, e.g. stiff chain segment, orient under
plastic deformation according either to the so-called
affinel23? or to the pseudo-affine model.?39:40.66.67 Hence
initial simulation tests were performed with different
single-peaked input ODF's according to the affine and
pseudo-affine model. Later, these tests were expanded
to single-peaked and multipeaked ODF's of Gaussian
and Lorentzian shape. In total 600 input ODF's have
been generated with varying width and symmetry and
the corresponding NMR spectra were simulated and
noise was added to obtain signal-to-noise ratios in the
range of S/N = 10—1000. Here only results obtained
from simulated spectra with S/N = 233 are shown,
which corresponds to the lowest S/N that was observed
experimentally. Results from simulated spectra with
different signal-to-noise within the range of S/N = 10—
1000 were in line with the conclusions presented in this
study and indicated a high reliability of the suggested
analysis even at very low S/N < 100.58

Figures 6 and 7 visualize the power of different
regularization approaches. Input ODF's were simulated
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Figure 6. Visualization of the typical accuracy of the reconstruction of (a) ODFs that were calculated according to the affine
model,?® from simulated spectra with S/N = 233. Here the ODF's describe the distribution of stiff chain segments in a rubber-
elastic network with an average of 3 stiff segments between two network points and compression ratios 1, = 0.92, 1, = 0.64, 1, =
0.36, and 4, = 0.20 going from top to bottom. The grid density was 10° in the parameter space. The simulated spectra correspond
to values for ys of 0.0038, 0.0208, 0.0535, and 0.1041, going from least to most oriented. (b) Results obtained using NN + QV with
relative errors y, = 0.017, 0.038, 0.117, 0.114 going from top to bottom figure. (c) Results obtained for NN + Tikhonov regularization
with go(0,¢) = 0 with relative errors y, = 0.429, y, = 0.372, 3, = 0.305, and y, = 0.197.
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Figure 7. Visualization of the typical accuracy of the reconstruction of (a) ODFs that were calculated according to the pseudo-
affine model, from simulated spectra with S/N = 233. Here the ODFs describe the distribution of independent orienting structural
units for compression ratios 1, = 0.96, 1, = 0.84, 1, = 0.60, and /1, = 0.20. The grid density was 10 degrees in the parameter space.
The simulated spectra correspond to values for ys of 0.0077, 0.0328, 0.0920 and 0.2103, going from least to most oriented. (b)
Results obtained using NN + QV with relative errors y, = 0.029, 0.066, 0.157, 0.211 going from top to bottom. (c) Results obtained
for NN + Tikhonov regularization with 3o(0,¢) = 0 with relative errors y, = 0.414, y, = 0.315, y, = 0.192, and y, = 0.993.

according to the affine model and the pseudo-affine of 10° in the parameter space. It is striking to see that
model, respectively, with varying peak width and con- analysis employing the commonly used Tikhonov regu-
stant peak position at (¢ = 6 = 90°) for a grid resolution larization leads for broad distributions to output ODF’s
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Figure 8. (a) Expansion into order parameters of the ODFs from the affine model. (b) Parameters [1/5,[] (05,0 [W5,0) [Wg,0)
[Wy,0) and [@4§,0of input (white bars) and reconstructed (red bars) ODFs from simulated noisy spectra (S/N = 233) using NN +

QV-regularization are shown.

that differ significantly from the input while QV repro-
duces the input rather faithfully. Note that the spectra
corresponding to the Tikhonov and QV ODF’s in Figures
6 and 7 are not distinguishable within S/N used. This
behavior is a consequence of the weak dependence of
the NMR spectra on variation of the angle ¢. For more
strongly peaked input ODF's, the resulting ODF's using
QV and Tikhonov regularization became very similar.
The same behavior was found for a number of other
NMR experiments (not shown). The Tikhonov results
of ref 33, for example, were fully reproduced with QV.

Further it was found that Gaussian ODFs with
pronounced asymmetries could not be reconstructed
satisfactorily with either regularization scheme.% How-
ever, this is not thought to be a drawback since
experimental ODF's exhibiting such critical asymmetries
are considered to have a negligible probability due to
the plane-strain compression setup. Results obtained for
simulated 2D DECODER experiments®® indicate that
2D experiments would be more sensitive to the asym-
metry of the Gaussian input ODFs. Nonetheless, an-
ticipated artifacts in the corresponding 2D DECODER,
e.g., mechanical instabilities, baseline distortions, spin
diffusion, and lower S/N, were not included in the
comparison. The QV smoothness constraint is, however,
better suited to generate the “good” output ODF as
found also for symmetric ODF's of Gaussian and Lorent-
zian shape.58

Moving from angle space to Wigner space, a different
expression for the accuracy of the regulatory spectral
analysis was obtained from the expansion of ODF's into
order parameters [/ [ Relative errors of order pa-
rameters can be obtained in a similar way by expansion
of the input and the reconstructed output distributions

Table 1. Maximum Relative Errors y, and y,,, between
Order Parameters of Input and Reconstructed ODF's as
Obtained from Simulated Data with Degrees of
Orientation in the Experimentally Found Range of
Spectra, 233 < S/N < 500 and 0.013 < ys < 0.036*

max. nonsymm max symm.
e 0.085 0.079
Yoo 0.130 0.075
Do
1ot 0.169 0.103
Lok, 1.9 0.215
o 2.2 0.316
,)02
Yo 1.9 0.93
04
s, 27.7 1.10

@ ODF's were classified according to whether they were sym-
metric or nonsymmetric.

in terms of Wigner functions and calculation of the
squared deviation X?% §

9 |02 (input)— 4, (output))®
X —

S |02 (input)>

amn

Figure 8 presents the first six nonvanishing order
parameters for the same input ODF's as shown in Figure
6 and reconstructed output ODFs. By compiling the
deviations y, and y?, for all the test distributions
which are in the range of experimental conditions, i.e.,
233 < S/N < 500 and 0.013 < ys < 0.036, a measure for
the accuracy of the analysis was achieved. The maxi-
mum values found for those ODF's are shown in Table
1 and are assumed to give a reliable approximation of
the relative error corresponding to the current experi-
mental ODFs. A division is made between symmetric
and nonsymmetric ODFs to show the decrease in
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accuracy with increased asymmetries in the input ODF.
These results indicate that the algorithm is good at
reconstructing symmetric ODFs and satisfactory for
more asymmetric distributions such as those predicted
by the affine and pseudo-affine model, for the near-
isotropic distribution functions tested here. The high
relative errors found for order parameters with [ > 4
and higher are due to their small absolute numbers,
which fall below the resolution of the NMR experiment
in the present case of low orientational order. However,
the values for / < 2 support the conclusion that QV-
regularization is a powerful regularization scheme for
this specific NMR experiment.

Other regularization approaches have also been tested
but were found to suppress oscillations in the recon-
structed ODF's, i.e., to overcome the ill-posedness of the
inverse problem, less satisfactorily than QV.%® These
were either only NN or NN + Tikhonov with g(6,¢) =
1. In some of the tested approaches the value for y, was
in selected cases very high while the deviation in the
order parameters could be as low as for QV. This
indicates that those approaches are not able to stabilize
the problem toward high-frequency oscillations but that
this does not necessarily affect the lower order param-
eters.®® Hence the reliability of the analysis increases
if both, the ODF as a function of two polar angles, and
their order parameters are considered complementary.

IV. Summary and Conclusions

A 1D solid-state NMR experiment was used to obtain
information on spatial orientation of 2H-labeled chain
segments in glassy PMMA. The experiments consisted
of a series of 13 1D quadrupolar echos, where each
single spectrum corresponds to a static orientation of
the glassy polymer sample with respect to the external
magnetic field. Reconstruction of average orientational
distribution functions (ODFs) of labeled chain segments
as a function of two polar angles was achieved by a
tailored regulatory analysis of the NMR spectra. The
regularization implies a restriction of the reconstructed
ODF to have a smooth nonnegative surface, where a
numerical measure for the smoothness of the ODF was
determined by the norm of its quadratic variation (QV).
Simulation tests with different single-peaked input
ODF's according to the so-called affine and pseudo-affine
model, and additionally also single-peaked and multi-
peaked ODFs of Gaussian and Lorentzian shape of
varying peak widths and positions indicated that a
satisfactory determination of the distribution function
was possible using this approach. Nonetheless, the
applied analysis does not give satisfactory results for
ODFs with pronounced asymmetries since the NMR
spectra were not sensitive enough toward this param-
eter variation. The application of QV-regularization in
the analysis of simulated 2D DECODER spectra of the
same critical asymmetric ODF's showed slightly better
results. However, it cannot be concluded a priori that
2D DECODER experiments would yield better results
in general, since anticipated typical artifacts in 2D
experiments were not included in such a comparison.

Error estimates of experimental data, obtained from
comparison with simulated ODFs, support the conclu-
sion that the simple 1D quadropole-echo NMR experi-
ment combined with the tailored regulatory spectral
analysis represents a reliable and experimentally simple
approach to quantify the orientational order of chain
segments in glassy PMMA as a function of plastic
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deformation. A detailed analysis and discussion of
orientation-strain relations of deformed linear and cross-
linked PMMA, compressed above and below the glass
transition temperature, will be discussed in a subse-
quent publication.??

A Matlab package “NLCSmoothReg” for the solution
of ill-posed linear inverse problems for one and two-
dimensional constraint solutions, according to the dif-
ferent regularization methods described in this study,
is available free of charge via the Internet at http:/
www.mathworks.com/matlabcentral/fileexchange/.
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